A new upper bound is given on the number of ways in which a set of AE points in 
Introduction
The partitioning of points in Ò-space by a single hyperplane has been well-studied. (Here, by a hyperplane I mean an´Ò ½µ-flat; it need not contain the origin.) The question of how many such partitions are possible arises naturally in the theory of pattern classification and machine learning [13, 9, 3, 8, 18] , and is an interesting problem in its own right. It is known [6] that the number of ways in which AE points in Ê Ò can be partitioned into two blocks separated by ań Ò ½µ-dimensional hyperplane is at most This proof of this result uses the classical fact [6, 16] that the number of connected components into which Ê Ò can be divided by AE hyperplanes, each passing through the origin, is at most
(with equality if the normals are in general position).
Partitioning by a single hyperplane is fairly limited, and attention has been given to more complex partitioning methods that arise as simple generalizations, such as separation by surfaces with polynomial equations [7, 1] , for intance.
In the context of pattern classification and learning, one proposed way of obtaining more powerful partitioning methods is to use some number of parallel hyperplanes. The following question arises: what is the maximum number È´AE Òµ of ways in which AE points in Ê Ò can be partitioned by parallel hyperplanes (none of which contains any of the points)?
Answering this question, or obtaining good bound on the answer, has consequences for the 'capacity' of what have been called multilevel threshold functions [15] or multilevel threshold elements [17, 5] , generalizations of the threshold functions and threshold elements so central to the theory of artificial neural networks. (These consequences are discussed in [2] .)
Previous work
Olafsson and Abu-Mostafa [15] gave an upper bound on È´AE Òµ, correcting a claimed upper bound of Takiyama [17] . Their result is as follows. but this can be dropped here because, while this paper is concerned simply with the number of partitions, they were interested in the number of ways the points could be partitioned into ¼ ½ -labelled blocks, with adjacent blocks labelled differently.)
Ngom et al. [14] claimed to have proved that the number of partitions achievable with parallel planes, in which none of the´ · ½µ blocks is empty, is no more than It is not possible, by some other means, to obtain the upper bound claimed by Ngom et al. [14] , because it is does not hold, as can easily be shown by extending the argument just given, as follows. 
A refinement of a previous upper bound
To bound the number of possible orderings of AE points when projected onto a line, Olafsson and Abu-Mostafa observed that an upper bound is given by the number of regions into which the planes with normals Ü Ü (for all Ü Ü among the AE points) partition Ê Ò . However, the problem of counting the number of orderings was previously considered by Cover [7] . Fol- 
A new upper bound
Theorem 3.1 is an improvement of Theorem 2.1, based on the same idea. But it is possible to obtain another bound using a different technique that has its roots in the proof of the ½ case given by Cover [6] , and which can be traced back to Schläfli [16] . (Generalizations of this technique have recently proven useful for more complex partitioning methods; see [11, 4, 12, 3] .) [6, 16] , the number of cells into which AE planes can divide Ê Ò· is at most ´AE Ò · µ. Now, the fact that parameter vectors Ô and Ô induce the same partition, and belong to distinct cells, means that the number of distinct ways in which AE points in Ê Ò can be partitioned by parallel hyperplanes is at most ´AE Ò · µ ¾, which is as required.
Discussion and conclusions
An existing upper bound on the number of ways in which a set of points can be partitioned by parallel hyperplanes has been improved. A previously claimed improvement has been shown to be incorrect. The new bound of Theorem 4.1 agrees in the case ½ with the well-known (tight) bound mentioned in the Introduction. It can also be shown to be quite tight, as follows.
Olafsson and Abu-Mostafa [15] (in establishing that the bound claimed by Takiyama [17] failed as an upper bound, but did provide a lower bound) proved that AE points of Ê Ò in general position can be partitioned in at least [15] claimed that the dependence upon Ò in their upper bound appeared to be, in a sense, asymptotically correct, asserting that "Expressing the result asymptotically as AE «Ò· , we find that [...] ½ « ¾" and that "we are led to conclude that « is indeed greater than ½, and apparently approaches ¾ as AE Ò, and approach infinity, with Ò and growing logarithmically in AE." However, the bound of Theorem 4.1 now suggests otherwise: this has been commented on already for fixed Ò and and follows, for Ò growing slowly with respect to AE, from the observation that As a final remark, it can be shown that the upper bound given in Theorem 3.1, while it is an improvement of Theorem 2.1 because it is based on a tight bound on the number of linearly inducible orders, is still, as a function of AE, ª´AE ¾Ò· µ for fixed Ò and . In this sense, therefore, the bound given by Theorem 4.1 is better.
